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cyclic subgroup graphs for the quasidihedral group of order 32 are
constructed. Firstly, the non-normal subgroups of quasidihedral groups
of order 32 are determined using the Groups, Algorithms and
Programming (GAP) software where the identification of the non-
normal cyclic subgroups is carried out. Subsequently, the definition of
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Introduction

Graph theory provides a mathematical framework for describing relationships among objects
using vertices and edges. It may be classified into several types, including directed and
undirected graphs, as well as weighted and unweighted graphs. Many different fields, including
science, technology and mathematics, make extensive use of graph theory. Graph theory is
actively used in several fields, including biochemistry, chemistry, computer science,
particularly in algorithms and computation, communication networks, coding theory and
operations research, including scheduling. Moreover, graphs are used in numerous
applications, including task scheduling, graph coloring and data mining (Prathik et al., 2016).

This study will focus on directed graph which specifically the non-normal cyclic subgroup
graph. Subgroup graph was introduced by Anderson et al. (2012), as a simple directed graph.
Then, Kakeri and Erfanian (2015), introduced the complement of subgroup graph which only
focuses on normal subgroups. Rajkumar and Devi (2016) explored the intersection graph of
cyclic subgroups of groups by classifying its structural properties, such as disconnected,
completeness, paths, cycles, and star. Abdussakir (2017) further developed the study of
subgroup graphs by investigating the detour energy of the complement of the subgroup graph.

Additionally, Devi and Singh (2017) explore the cyclic subgroup graph of finite group and
determine several of its domination numbers, such as the perfect domination number, strong
triple connected domination number, two domination number, and more. Berlai and Ferov
(2019) demonstrate that graph products preserve cyclic subgroup separability. Next, Rahin et
al. (2020) introduced the non-normal cyclic subgroup graph, and the graph is then applied to
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some types of groups. For instance, Rahin (2024) determined the general form of the non-
normal cyclic subgroup graph of dihedral and generalized quaternion groups. The non-normal
cyclic subgroup graph of the quasidihedral group of order 16 has previously been investigated
by Abdul Razak et al. (2026, in press). Therefore, this study extends the computation to the
quasidihedral group of order 32 as a continuation of that work, with the aim of contributing to
the establishment of the general form of the non-normal cyclic subgroup graph for
quasidihedral groups.

In this study, two software packages are used to construct and visualize the non-normal cyclic
subgroup graphs. The first software, which is Groups, Algorithms and Programming (GAP)
software, is used to determine all non-normal cyclic subgroups of the quasidihedral group of
order 32. GAP is a software system designed for computational discrete algebra, with a strong
focus on Computational Group Theory. It is widely used in both research and education for
exploring and analyzing mathematical structures such as groups, their representations, rings,
vector spaces, algebras, combinatorial structures, codes, Lie algebras, and more (Rahin et al.,
2022). Subsequently, the definition of the non-normal cyclic subgroup graph is applied to
determine the directed edges between vertices, and the resulting graphs are visualized using
Maple 2016.

The group presentation of quasidihedral group, QD,n, is given below (Humphreys,
1996):

21’1—1

QD,n = (a,bla®"" =b%=1,bab = a?" 1)

where n = 5.

Many researchers studied the quasidihedral group which applied to different scope of study.
Najmuddin et al. (2019) examined the domination polynomial of commuting and
noncommuting graphs associated with dihedral, generalized quaternion, and quasidihedral
groups. Roslly et al. (2023) investigated the Randi¢ index of the non-commuting graph
associated with dihedral, generalized quaternion and quasidihedral groups by deriving their
general formulas and presenting several computational examples. Then, Alimon et al. (2023)
explored the Szegeb index of the non-commuting graphs associated with quasidihedral,
dihedral and generalized quaternion groups. Furthermore, Alimon et al. (2025) studied on the
Sombor index and Sombor polynomial of the power graphs for dihedral, generalized quaternion
and quasidihedral groups.

This paper is structured into four sections. The introduction is presented in section 1, which
consists of the introduction and literature review. Then, section 2 provides a preliminary, in
which the relevant definitions of groups and graphs are presented. Section 3 contains the results
and discussion, where the main findings on the non-normal cyclic subgroup graphs of the
quasidihedral group of order 32 are presented. Finally, section 4 concludes the paper with a
summary of the results.

Preliminaries

In this section, some related definitions of groups and graphs are given.
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Definition 1 Graph (Bondy & Murty, 1976)

A graph T is made up of (V,E), represented as I' = (V(I), E(I)). V(T) is referred to as the
vertices, while E(I'), a set of unordered pairs of vertices, is called the edges.

A graph I can be classified as either a directed graph or an undirected graph. A directed graph
contains edges with specific directions, while an undirected graph contains edges without
directions between vertices.

Definition 2 Subgroup Graph (Anderson et al., 2012)

Let G be a group and H is a subgroup of G. [';(G) denotes as the subgroup graph which is a
directed graph with the vertex set G, and two distinct elements x and y are adjacent if and only
ifxy € H.

Definition 3 Non-Normal Cyclic Subgroup Graph (Rahin et al., 2020)

Let TYM (G) be the non-normal cyclic subgroup graph of the non-normal cyclic subgroup of a
group G, denotes as H. Then, TYV(G) is a directed graph with vertex set G such that x is the
initial vertex and y is the terminal vertex of an edge if and only if x # y and xy € H, denoted
by x = y.

Example1 Let QD¢ = {1,a,a? a3 a* a® a® a’,b,ab,a?b,a®b,a*h,a’b,a®h,a’ b}
with a® = b? = 1,bab = a® and the non-normal cyclic subgroups of QD¢ are
(b),{a?b),{a*b),(a’h),(b,a*b),{(a®b,a’b),{a®b),{a’h). The non-normal cyclic subgroups
were determined by using GAP (Groups, Algorithms, and Programming) software and the
algorithm are presented in Appendix 1. First, let H; = (b) = {1, b}. The product of the elements
of @D, and the directed edges are determined below and illustrated in Figure 1.

By Definition 3, x — y ifand only if x # y and xy € H. Thus,

a®b — a since a’h.a = b € H,, a® - a®b since a®.a®h = b € H;,
a—-a’bsincea.a’b=>b € Hy, a3b - a’ since a®bh.a’ = b € H,
a® - a®b since a®.a°bh = b € H;, a®b — a® since a®h.a® = b € H;,
a’b - a3 sincea’b.a® = b € H;, a? — a®b since a®.a®h = b € H,
ab — a® since ab.a® = b € H, a® — a?b since a®.a’b = b € H;,
a’ - absincea’.ab = b € Hy, a’b — a? since a’b.a’? = b € H,

1->bandb - 1sincel.b =b.1=>b € Hy,

a* - a*b and a*b - a* since a*.a*h = a*b.a* =b € H,,
a—->a’anda’ > asincea.a’ =a’.a=1€ H,,

a® > a®and a® - a3 sincead.a® =a®.a®> =1€H,,

ab = a®b and a®h - ab since ab.a’h = a°b.ab =1 € H,,

a®b - a’band a’b - a3b since a®b.a’b = a’b.a®h =1 € H,,
a? - a® and a® - a? since a®.a® = a®.a’> =1€ H,.

Figure below shows the non-normal cyclic subgroup graph of QD4 which is constructed by
using Maple software and the algorithm is presented in Appendix 2.
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Figure 1: T (QD1,)
Results and Discussion

In this section, the non-normal cyclic subgroup graphs for the quasidihedral group of order 32
are determined. The methodology is presented in Figure 2.

s ™
Determine the non-normal cyclic
subgroup of quasidihedral group
order 32 by using GAP software.

. y

'

s ™
Determine the direction of every
elements in subgroups by its
definition and GAP software.

'

4 it

Generate the graph by using Maple
software.

. "y

Figure 2: Research Methodology Flowchart

The quasidihedral groups of order 32, with its elements is @Dz, =
{1,a,a% a3 a* a® a® a’, a8, a’ a'® a't,a'? a'3, a4, a'®, b, ab,a?b,ab, a*b, a’b, a®b,
a’b,a®b,a’b,a'®b,a''b,a'?b,a*®b, a**b, a’>b} with a'® = b?> = 1,bab = a’. The non-
normal cyclic subgroups of QD5, are first determined by using GAP software. Then, the GAP
code used to obtain the subgroups is presented in Figure 3, which shows that 20 non-normal
cyclic subgroups of Q D5, are not in simplified form.
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Figure 3: GAP Coding to Obtain the Non-Normal Cyclic Subgroups of QD3,

For each non-normal cyclic subgroup, a non-normal cyclic subgroup graph can be constructed.
After generating all such graphs, a comparative analysis reveals that the resulting graphs can
be classified into four different types. In this paper, only these four types of non-normal cyclic
subgroup graphs are presented and discussed, with one representative subgroup chosen for each
type. Table 1 presents those four representative non-normal cyclic subgroups.

Table 1: The Elements of the Non-Normal Cyclic Subgroups of QD3,

Subgroup generated by Simplified subgroup Elements
GAP software
(b) (b) {1, b}
(b, aba) (b, a®b) {1,b, a8, a®b}
(b,a™* aba) (b,a'?,a®b) {1,a* a8 a'?,b,a*b,a®b,a'?b}

a‘zb_l,a‘lba,ba_lb‘la_1,> (a8, a'?, a®h,a'*b) {1,a4,a6,a8,alz,a14,b,a4b,}
aba~1h~1q =2 a®h,a®h,a®h, a'?*b, a'*b

After all the non-normal cyclic subgroups of QD3, are identified, the determination on the
direction of elements in subgroups is shown in the following propositions.

Proposition 1, Let FP’}’lN (QDs;) be the non-normal cyclic subgroup graph of QD5,, where H; =

(b) = {1, b}. Then, I}V (QDs,) is as shown in Figure 4.
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definition and GAP software as shown in Figure 5.
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By Definition 3,

a'®> - asincea’® -a=1€H,

a - a'®sincea-a'® =1€H,

a'* - a?sincea'*-a? =1 € H,

a? - a*sincea?-a* =1€H,

a'® - a3sincea®-a® =1€H,

a® > a®sincea®-al®*=1€H,

a'? - a*sincea'?-a* =1 € H,

a* > a'?sincea* a'? =1€H,

a'l - a®sincea'’ -a®> =1 € H,

a® > a'lsincea® a'' =1€H,

a'® - a®sinceal®-a® =1€H,

a® - a'sincea®-a'®=1€H,

a® > a’sincea’-a’ =1€H,

a’ » a’sincea’ -a’ =1€H,

a’b - absincea®h-ab =1€ H,

ab - a’bsinceab-a’h =1€ H,
a''b - a3bsinceal'b-a®bh =1 € H,
a®b - a''bsincea®b-a''b =1 € H,
a'®bh - a’bsincea®b-a°bh =1 € H,
a’b - a'3bsincea®bh-a'®*b =1 € H,
a'®h - a’bsincea'®b-a’b =1 € H,
a’b - a'®bsincea’bh - a'®>h =1 € H;
b—-1sinceb:1=b€H,

1> bsincel-b=b€eH,

a®b —» a®sincea®bh-a® =b €H,

a® - absincea®-a®h=b €H,

a’bh - asincea’h-a=>b € H,
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a’b - a?sincea’b-a?=b €H,
a'*b - a®sincea''h-a®* =b €H;
a*b - a*sincea*b-a*=b €H,
a'3b - a®sincea'®b-a®> = b € H,
a®b - a®sincea®b-a®=b €H,
a®b - a’ sinceab-a’ =b € H;
ab - a°sinceab-a® = b € H;

a'®b - a'® since al®b-al® = b € H,
a®b - a''sincea®b-a'* = b € H,
a'?b - a'? since a'?*b-a'? = b € H,
a’b - a'®sincea’b-a'®* = b € H,
a*b - a** since a'*b-a'* = b € H,
a’b - a'®sincea’b-a'®> =b € H,
a'® - absinceal®-ab =b € H,

a* - a?bsince a'* - a’b = b € H,
a'® - a®bsincea'®-a®b=bh € H,
a'? - a*b since a'?-a*b = b € H,
a'® - a*bsincea'' -a°h=b € H;
a'® - a®b since a'® - a®bh = b € H,
a® > a’bsincea’-a’b=h €H,

a’ - a’bsincea’ -a°b =b € H,

a® - a'°bsince a® - a'®h = b € H,
a®> - a''bsincea® - a''b = b € H,
a* - a?bsincea*-a?bh=b €H;
a® - a®bsincea®-a'®b=b € H,
a’? - a*bsincea? -a'*bh=b € H;

a— a®bsincea-a®b=b € H,

Therefore, Ff}'lN (@D55) is the graph shown in Figure 4.
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Proposition 2, Let F}}’ZN (QDs;) be the non-normal cyclic subgroup graph of QD5,, where H, =

(b,a®b) = {1,b,a® a®b}. Then, I}V (QDs,) is as shown in Figure 6.

Kl:

a®

11

a'?

ab

a a?
a'sh a’ al*h a
L7 £
Lo K @ | [a% K4 at®
a’b al ash a1
ab a?b

Figure 6: T (QD3;)

Proof. Let H, = (b,a®bh) = {1, b, a® a®bh}. The directions of every elements in subgroups are
determined by definition and GAP software as shown in Figure 6.
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up b, aA8*b ]

identity ...>,

},{ar-6

\-72 .>,true}
identity
identi

b, true}

b, true}, {a

18, <identi

{ar-9%b,

dentity
arl18%b*
b ,true}, aA-45,ar-4

Figure 5: GAP Coding to Determine the Direction of Elements in Subgroup (b, a®b) of

QDj3,
By Definition 3,
al®> - asincea'®-a=1€H, a - a'®bsincea-a'®h =b € H,
a—- a'®sincea-a® =1€H, a® - 1sincea®-1=a® € H,
al* - a?sincea a2 =1€H, 1 - a8sincel-a® =ad €H,
a? - al*sincea?-a*=1€H, a’ - asincea’-a=a® €H,
al3 - a3sinceal® a3 =1€H, a— a’sincea-a’ =a® €H,
a3 - a3sincead-al3=1€H, a® - a?since a®-a? =a® € H,
al? - a*sinceal?-a*=1€H, a? - a®since a?-a® = a® € H,
a* - al?sincea*-a?=1€H, a® - a3sincea®- a3 =a® € H,
all - aSsincea'’-a®*=1€H, a3 - a®sincea®-a® =a® € H,
a® - allsincea’+-al'=1€H, al> - a%sincea’®a® =a® € H,
al% - absinceal®-a®=1€H, a® - alSsincea’-a® =a® € H,
a® - al%sinceab-al®=1€H, al* - al%since al*- al® = a® € H,
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a® - a’ sincea®-a’ =1€H,

a’ - a’sincea’ *a’=1€H,

a’b - absincea’bh-ab =1€ H,

ab = a®b sinceab-a’h =1€ H,
allh - a3b sinceal’b-a3bh =1 € H,
a3b - allb since a®b-al'h =1 € H,
a3b - ab sinceal®b-a°h=1€H,
a®b - a3b since a®bh-a'3bh =1 € H,
al5h - a’b since a'®b-a’b =1 € H,
a’b - a'®b sincea’b-a'®bh =1 € H,
b—-1sinceb-1=beH,
1->bsincel-b=>b€eH,

a8b — a8 sincea®b-a® =b € H,

a8 - a8b sincea® - a®bh =b € H,

a’bh - asincea’bh-a=b € H,

a’b - a? sincea’b-a%?=b € H,
allh - a3 sincea'b a3 =b € H,
a*b - a*sincea*b-a*=b € H,
al3b - a5 sincea®b-a®> =b € H,
a®b - a®sincea®b-a® =b € H,
al5h - a” sinceal>hb-a’ = b € H,
ab - a°sinceab-a’=b € H,

al%b - al%since al®b - al® = b € H,
a3b - a'lsincea3b-all =1 € H,
al?b - a2 since al?b-al? = b € H,
a®b - a3 sincea’b-a'3 =b € H,
al*h - a'* since a'*b-a'* = b € H,
a’b - a'S sincea’b-a'> =b € H,
al> - absincea®-ab=b € H,

al* - a?b sincea'* - a?b =b € H,

al3 - a3b sincea®-a3b=b € H,
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al% - a'*sinceal®-a* = a8 € H,

IJIREV

a3 - alsinceal®-a' = a8 € H,
all - a3 sinceal’-al® = a8 € H,
a8b - bsincea®b+b = a® € H,
b - a®b sinceb-a®b =a® € H,
al%b — a?b since al®b - a%b = a8 € H,
a’b - al%b since a?b - al®bh = a® € H,
al?b — a*b since a'?b - a*b = a8 € H,
a*b - a'?b since a*b - a'?bh = a8 € H,
al*h - a®b since a'*b - a®bh = a® € H,
a®bh — a'*b since a®h - al*bh = a8 € H,
a8bh — 1sincea®bh -1 = a®b € H,
1 - a8bsince1:adb = aBb € H,
b — aBsinceb a® = a8b € H,
a® - bsincea® b = a8b € H,
ab = asinceaba = a8b € H,
al%b - a? since al®b - a% = a®b € H,
a3b - a3 since a®b- a3 = a®bh € H,
al?h — a* since a'?b + a* = a®b € H,
a®b - a® since ab - a® = a®b € H,
al*bh — a® since al*b + a® = a®b € H,
a’b - a’ sincea’b-a’ = a®b € H,
a’b - a?since a®b - a® = a®b € H,
a?b - al® since a?b - a'® = a8b € H,
allp — allsince allbh - all* = a®b € H,
a*b - a'? since a*b - a'? = a8b € H,
a®b - a3 since a®b - a3 = a8b € H,
a®bh - a'* since a®b - a'* = a8b € H,
al®h - a5 since al5h - a5 = aBb € H,
a’ - absincea’ - ab = a®b € H,

a® — a?b since a® - a?b = a®b € H,
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al? - a*b sincea'? -a*h = b € H,
all - aSbsinceal -a’h =b € H,
al% - a%b sinceal® -a®h = b € H,
a® - a’bsincea®-a’b =b € H,

a’ - a’bsincea’ -a°h =b € H,

a® - al% sincea®-al®b = b € H,
a® - allbsincea®-al'b = b € H,
a* - a'?b sincea*-a'?b = b € H,
a3 - a3bsincea3-a3b=b € H,

a? - a*bsincea?-a*b =b € H,
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a* = a*b since a* - a*b = a®h € H,

a3 - a5b since a3+ a°b = a®h € H,

a? — a®b since a? - ab = a®b € H,

a - a’bsincea-a’b = a®b € H,

al®> - a°b since a5 - a®b = a®b € H,
al* - a1% since a'* - al% = a®b € H,
al3® - q'lp since a3 - al'h = a®bh € H,
al? - q'2p since a'? - al?b = a®b € H,

all - a3p since a'* - a'3bh = a®b € H,

al® - q14p since a9 a'*b = adb € H, a® = a'®b since a? - a'®bh = a®b € H,

Therefore, Fg’zN (@D3,) is the graph shown in Figure 6.

Proposition 3, Let I}V

a'*h

(QD3,) be the non-normal cyclic subgroup graph of QD5,, where Hs =
(b,a'?,a®b) = {1,a* a8 a'? b,a’b,

a®b, a'?b}. Then, T}N (QD3,) is as shown in Figure 8.

a'’h

ash

a*?h

a
a15b 0_3
n ﬂ13b ES
a
a11b ﬂ7
L % <
a’b att
5 13
a’b a
alZ
3 15
a’b a
ab
aﬁ

a®h

Figure 8: TV (QD3;)

Proof. Let H; = (b,a®b,a'?) = {1,

a* a8 a'? b,a*b,a®b,a'?b}. The directions of every

elements in subgroups are determined by definition and GAP software as shown in Figure 9.
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gap>
Group ([

>,b,b, true}, {<identity
36*b, true}, {<identity

A36,true},
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A-36,true},{<identity ...> 2 } identit

b, true { entity . ,aA3 {<iden
4 A aA-72
<ident

V = asbikr
b,true},

,truet,

b,a
6%

36*b, true
identity

identity )
:;l“ [)‘fv, = = 9 ﬁ,?”ll,'r‘

b, true

Figure 9: GAP Coding to Determine the Direction of Elements in Subgroup (b, a'?, a®b)

By Definition 3,
1->bsincel-b=D>bE€H;
1 - a'?since 1-a'? = a'? € H,

1> a®since1-a® =a® € H,

of QD3;

a’b - a'l since a’b - a'' = a*h € H,4
a’b —» a’ sincea’b-a’ = a®h € Hy

a’b - a3 since a’b - a3 = a'?b € H,
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1 - a*b since 1-a*b = a*bh € H;

1 - a8b since 1+ a®b = a®b € H;

1 - a*sincel-a*=a* € H;

1 - a'2?p since 1 a'?b = a'?b € Hs
a = all since a - al' = al? € Hy

a— a’b sincea-a’b = a®bh € H;
a—a’sincea-a’ =a® € Hy

a— a3sincea-a® =a* € Hs

a — a'lb since a - a''b = al?h € Hy
a - alSbsincea a'®>h =b € H;

a—- a'®sincea-al®>=1€H;

a = a3b sincea-a3b = a*h € H;

b — 1sinceb-1=>b € Hj

b - a'? since b - al? = a*b € Hy

b - a®since b a® = a®b € H;

b - a*b since b - a*b = al? € Hy

b - a®b since b-aBb = a® € Hy

b - a*since b a* = a'?b € H;

b = a'?b since b - a'?bh = a* € H;

al% - a®b since al® - a®b = b € H;
al% - a%sinceal®-a®=1€ H;

al% - a? since a1 - a? = al? € Hy
al% - a1% since al? - al% = a*b € H;
al% - a'p since al® - al*h = a®b € H;
al® - gl since a1l - q1* = q8 € H;
al% - a?p since al® - a?b = a'?b € H,
al? - 1since a'? -1 = al% € H;

al? - b since a'?2 - b = a'2p € H;

al? - a8 since a'? - a® = a* € H;

al? - a*b since al? -a*b = b € Hs

al? - a8b since a'? - a®b = a*b € H;
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a’b — a'®b since a’b - al®h =1 € Hy
a’b - a'® sincea’b-a'®> = b € H;
a’b — a3b since a’b * a3b = al? € H;
a®b — a since ah - a = a'?b € H;
a®b - ab since a®°b - ab = al% € H;
a’b - a3 sincea’bh-al® = b € H;
a’b - a° since a®b - a® = a*b € Hs
aSb — a®b since a®h - a’b = a* € H;
a®b - a®since a®h - a® = a®b € H,
aSb - a'3b since a®b - a'3b =1 € Hs
a’b - asincea’h-a = b € H;

a’b - absincea®b-ab =1 € Hs
a’b - a3 since a®b - a'® = a*b € H;
a’b - a®since a®b - a® = a®b € H;
a®b - a’b since a®b - a’h = al? € Hy
a’b - a°® since a®b - a® = a'?b € Hs
a®b — a'3b since a®b - a'3b = a* € H;
a’ - asincea’ a=a® € Hs

a’ - ab since a’ - ab = a®b € Hs

a’ - a3 sincea’ - a3 = a* € Hy

- a’sincea’ a’=1€ H;

a’ = a5b since a’ - a®b = al?b € H,
- a’bsincea’ -a’bh = b € H;

— aSsincea’ - a® = al? € H;

a’ - a3b since a’ *a3b = a*b € Hy
- asincea®+a=a*€ H;

a3 — ab since a3 - ab = a*b € Hs

- aB3sincea3-al®=1€H;

- a%sincea3-a® = a'? € H;

a® - a5b since a3 - a°b = a®b € H;
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al? - g*sinceal?-a*=1€ H;

al? - a12p since al? - al%h = a8b € H;
a® - 1sincea®'1=a® € H;

a8 - bsincea®-b = ab € H;

a® - al? since a®-al? = a* € H;

a® - a*b since a® - a*h = a'?h € H,4
a8 — a8bsincea®-ab = b € H;

a® - a*sincea®-a* = a'? € H;

a® = al2b since a®- a'?b = a*b € H;
ab — a since ab ' a = a8bh € Hj

ab - a3 since ab - a3 = a1%b € H;
ab - a®sinceab-a® = b € Hy

ab — a5b since ab * a°bh = a* € H;

ab - a®bsinceab a’h =1 € H;

ab — a’ since ab - a® = a*b € Hs

ab - a'3b since ab - a3b = al? € H;
all > gsincea'l-a = al? € Hy

all - ab since all - ab = a1%b € H;
all - a3 sinceall-al® = a8 € H;
all - a%since all - a® = a* € H

all - a°b since all -a5b = b € H;

all - a°b since all - a®bh = a*b € Hy
all - a5sinceall-a°>=1€ H;

all - a13p since all - al3b = a8b € H;
al® > a'lsinceal®-all = a8 € H;
al3 > a’b since a3 -a’b = a*b € H;
a3 - a7 since al®-a” = a* € Hs

al® > a3sincea®-a®=1€ H;

al3 - allp since a3 - allb = a®b € H;
al3 - a'5p since al3 - al5h = al%p € H;

a3 - al5sinceal®-al®> = b € Hy
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a3 - a®b since a3 - a’bh = al?b € H;

- a5 since a3 -a’ = a® € H;

a® - a3bsince a®a®b = b € Hy

- allsincea®-all'=1€H,

a® - a’b since a® - a’b = a'?b € H;

a® - a’ since a® - a’ = al? € Hy

- a3 sincea®-a3 =aB® € H;

a® - allb sincea®-a''b = b € Hy

a® = al®h since a® - a*bh = a*b € H,

a® - al® since a5+ al® = a* € H;

a® - a3b since a’ - a3®b = a®b € H;
al%b - al% since al®b-al® = b € H;
al%b — afb since a'®b - a®b = a* € Hs
al®b - a® since al°b - a® = a*b € H;
al%b — a? since al®b - a%? = a®b € Hy
al%h - al*b since al°b - a'*h = a'? € H;
al%b - a'*since a'®b - a'* = al?b € Hy
al%b — a?b since al%b - a?b = a® € H,
al*b - al® since a'b - al® = a*b € Hs
al*h — a®b since al*b  a®h = a® € H,
al*bh — a® since al*b - a® = a®b € Hs
al*b — a? since al*b - a? = a'?b € Hj
al*b — al%b since a'*b - al%b = a* € H;
al*h — al*since al*b -al* = b € H;
al*b - a?b since a'*b - a?b = al? € H;
al2h — 1 since a'?b -1 = al?b € H,
al?p — b since a'?b +b = a2 € Hs

al?b - a'? since a'?b-al2 = b € H;
al?b — a8 since al?b - a® = a*b € H;
al?b — a*b since a'?b - a*b = a® € H;

a'?b - a®b since a'?b - a®b = a* € H;
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a3 - a3bsincea'®a3b=b € Hy

a® -
a’ -
a’® -
a® -
a® -
a® -
a’ -

a’ -

allsince a’- a'l = q* € H;
a’bsincea®-a’b = b € Hs

a’ sincea®-a’ =1 € H,

a3 sincea® a3 = al? € H;
allb since a® - allb = a*b € H;
al5h since a® - a5h = a®b € H;
a5 since a® - a'® = a8 € H;

a3b since a® - a3b = al?b € H,

a®b - al% since a®b - al® = al?b € H,

abb — a®since a®h-a® = b € H;

a®b — a?since a®h - a? = a*h € Hs

ah -

a®b — a'*b since a®h - a'*b = a® € H;

a®b — a'* since a®b - a'* = a®b € H,

a®b — a?b since a®h - a?b = a* € H,

a*b - 1sincea*bh 1 = a*h € H;

a*b - bsincea*h b =a* € Hy

a*b - a'? since a*b - a'? = a8b € H;

a*b - a®since a*b - a® = a'?b € Hs

a*b — a8b since a*b - aBb = al? € H;

a*b - a*sincea*b-a* = b € Hy

a*b — a'?b since a*b - a'?b = a8 € H;

a8b - 1sinceadb+1 = aB®b € Hs

a®b - bsincea®b b =a® € H;

a®b - a2 since a®b  a'? = al%b € H,4

a8bh - a8sincea®b-a® = b € Hy

a8b — a*b since a®b ' a*b = a* € H;

a8b — a*since a®b - a* = a*h € H;

a8b — al?b since a8b - al?b = al? € H,

ab -

al® since a® - al% = ql® € H;

al%b since a®b - al®h = al? € H;

International Journal of
Innovation and Industrial Revolution

EISSN: 2637-0972

Volume 8 Issue 25 (June 2026) PP. 583-608
al?b — a*since a'?b - a* = a8bh € H;

IJIREV

al* - al®since al*-al® = a® € H;
al* - a®b since a'* - a®h = a*b € H;
al* - a®since al*-a® = a* € H,
al* - a%sinceal*-a?=1€ Hs
al* - a1%p since al* - a'°b = a8b € H;
al* - a1p since a'* + al*h = al%h € H;
al* - a?bsinceal*-a?bh = b € Hy
allh - a'lsince al'b - a'l = a®b € H;
allb — a’b since a'lb - a’b = al? € H,
allb — a7 since allb - a” = al?b € Hy
allb - a3sinceal’b-a3 = b € Hy
allb - a'>h since allb - al®h = a* € H;
allp - a> since al'b - a'®> = a*b € H;
allh - a3b since all’h-a3b = 1 € H;
al5h — all since al®b - all = al%b € H;
al®h — a’b since a'®h a’b = 1 € H;
al®h —» a’ sincea'®b-a’ = b € Hs
al5h - a3 since alh - a3 = a*b € H;
al5h - a'1p since a'®b - allb = a'? € H,4
al5h — a> since al®b - a'> = a8b € H;
a'®>h — a3b since a'®b - a3b = a* € H;
al3b — a since al3b ra = a*b € Hs
al3b — ab since a'3b - ab = a* € H;
a3p - a3 since al3b - a3 = a®b € H;
a3b - a® since a®b - a® = a'?b € Hy
a3b - a®b since a®b-a’h =1 € H;
al3b — a®b since al3b - a®bh = al? € Hy
al3b - a5since a'3b a® = b € Hs

al> > asinceal®>-a=1€ H;

al®> > absincea'®>-ab =b € H;
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a® — ab since a® - a®h = a'?b € H,
a® - a?sincea®-a? = a® € H;

a® = al%b sincea®-al®h = b € H;
a® - a'*b since a® - a'*h = a*b € Hs
a® - a* since a® - a'* = a* € H;

a® — a?b since a® - a?b = a®b € Hs

a? - al%since a? - a'® = q'% € H,4
a? - a®b since a? - a®h = a®b € Hz
a? - a%since a?-a® = a® € H;

a? - al%b since a? - al°b = al?b € Hs
a? - a*b since a?-a'*h = b € H;

- a*sincea?-a'*=1€ H;

- a?b since a? - a?b = a*b € H;
a* - 1sincea* 1 =a* € H;

a* - bsincea* b = a*h € Hy

a* - al?sincea*-a'? =1 € H,

a* - a8since a*- a® = a2 € Hs

a* - a*b since a*- a*h = a®b € Hy
a* - a8b since a* - a®b = a'?b € H;

a* - a'?b sincea*-a'?bh = b € H;
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al® - a°since a'® - a® = a® € H;

al®> = a5b since a'® - a®b = a*b € H;
al®> - a®b since a'® - a°b = a®b € Hs
al®> - a5 since al® - a® = a* € H

al®> - al3p since a'® - a3b = a'?b € H;
a?b - al® since a?b - a'® = a8b € H;
a?b - a®b since a?b - a®b = a'? € Hs
a?b — a® since a?b - a® = al?b € H;
a?b - a?sincea’b-a%=>b € H;

a?b — al%b since a?b - al°b = a® € Hj
a?b — al*b since a?b - al*b = a* € H;
a?b — a'* since a?b - al* = a*b € H;
a3b » a'lsincea®b-all = b € Hy

a3b - a’b since a3b - a’b = a* € H
a3b - a’ since a®b-a’ = a*b € Hy
a3b - a3 sincea®b- a3 = ab € Hy
a3b - allb sincea3b-allb =1 € Hy
a3b — a'5h since ab - al5h = al? € Hy

a3b — a' since a3b - al® = al%h € Hy

Therefore, [N (QD3,) is the graph shown in Figure 8.

Proposition 4, Let I}]V

(@D3,) be the non-normal cyclic subgroup graph of QD3,, Hy =

(a'*h,a®b,a® a'?) = {1,a* a® a'? b,a*b,a®b,a'®b}. Then, T)"(QD3,) is as shown in

Figure 10.
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4 6 8 12 14 4
Proof. Let H, = (a**b, a®h, a® a12)={1,a,a,a,a ,a*,b,a’b,
. ) ) )
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Figure 10: ngv(QD32)

45, aSb, a®b, a'?h, alb } The directions of every

elements in subgroups are determined by definition and GAP software as shown in Figure 11.
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gap>

Group([ aAl4*b 3 ]

gore> Elen

[ <identity

<identity

,true}, {<identity ,{<identity >
<identity identi c.o.>,ah ) ' <identity
true}, {<identity ...>

b

b, true
8*b,aA
36, true

18,b*aA-18
-54,aA54, <ider
,true}, { {
aA36,<identit ), ah 90*b e}, { 6,ar-18*b,a
18*b 7 ity ...>, . A-3 i 2

-36*b, tru
A18*b, tru

<identit
,aA27 ,aA
’ {a "
5*b,aA54*b, true}
36, true}, {aA54
b,true}, {aA ,true A A A 18*b, t
,true}, {aA36*b,aA s 6*b t

s b, Z ,aA36*b 72*b, true}, {aA
o t).Ll.l\Lv.V‘ A t 3 3

b,true},{a identity

rue}, {aA54*b, <identity

50 h.f!'HF‘i
6*b, true}, {a
I

,true},{ <identity
: 54*b,aA90%*b, true},
63,true}, D,aNd45,

9

-63, aA
\-9*b*aA
A-45*b,aA-9*b*aA

true},
, true
108

2 2,true},
<identity

dentity
,aA36, tri
identity

b,aA b*aA

18*b*aA-18*b, true

b*aA9, true}

45*b*a

Figure 11: GAP coding to determine the direction of elements in subgroup
(a'*b,a®b, a® a'?) of QD;,

By Definition 3,

15

a'® - asincea’®-a=1€H,

a® - a®sincea’®-a® =a'? € H,

a - a'®sincea-a® =1€H, a® - a’sincea®-a® = a'? € H,
a* - a?sincea'-a®?=1€H,

a’ - a®sincea’ -a® =a'? € H,
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a? - al%*sincea?-al*=1€ H,

a3 - a3sinceal3-a3=1€H,

a3 - al3sincea3-al3=1€H,

al? > g*sinceal?-a*=1€ H,

a* - al?sincea*-al?=1€ H,

all - a5sinceall-a®>=1€ H,

a® - allsincea’-all=1€ H,

al® - absinceal®-a®=1€ H,

a® - al%sincea®-al®=1€ H,

a® - a’ sincea®-a’ =1 € H,

a’ - a’sincea’ ra’°=1€H,

a’b - absincea’bh-ab=1€ H,

ab - a®bsinceab-a°®h=1€H,
allb - a3b since a''b-a3b =1 € H,
a3b - alb since a®b -al'bh =1 € H,
a'3b - aSb since al3b-a°b =1 € H,
a®b - a'3b since a®b -a'3b =1 € H,
al>b - a’b since a'®>b-a’b =1 € H,
a’b - a'®b sincea’b-a'®>h =1 € H,
al*h - a sincea*h-a = a°b € H,

1 - a'*b since1-a'b = al*b € H,
a®b — a8 since a®bh - a® = al*b € H,
a® — a®b since a® - a®h = al*h € H,
a’b - asincea’b-a = a'*h € H,

b - a?since b - a? = a'*b € H,

a’b - a3 since a’b- a3 = a'*b € H,
a’b — a* since a?b - a* = al*b € H,
allb - a® since al'b - a® = a*b € H,
a*b - ab since a*b - a® = al*b € H,
a3b - a’ sincea®b-a’ = a'*b € H,

a'b - a° since a’®b -a® = al*b € H,
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a® - a’ sincea®-a’ =al2 € H,
al> - a3 sinceal®- a3 = al2 € H,
al3 - al5sinceal3 - al5 = al2 € H,
al?b - b since a'?b b = a'? € H,
a’bh — ab since a®h - ab = al? € H,
a*b - a?b since a'*b - a%b = a'? € H,
a’b - a3b since a’b - a3b = a'? € H,
b - a*bsince b-a*h = al? € H,
a’b — aSb since a®b - ab = al? € H,
a%b — abb since a?b + a®b = a'% € H,
allb - a’b since allb - a’b = al? € H,
a*b - a®b since a*b - a®b = a'? € H,
a'3b - a®b since a®b - a®b = a2 € H,
a®b — al%bp since a®bh - al®h = a2 € H,
al5h - allb since a'®b - al'b = a'? € H,
a8b - a'2b since a®b - a'?b = al%2 € H,
ab - a'3b since ab - a3b = a'%2 € H,
a®b — a'3b since a®b - a'®b = a* € H,
a’ > asincea’ 'a=a® € H,

a’ = ab since a’ - ab = a8bh € H,

a’ - al3sincea’ -al3 = a* € H,

a’ - a°sincea’ -a° =1 € H,

a’ = a5b since a’ - a®b = a'?b € H,
a’ - a®bsincea’ - a’h =b € Hy

a’ - a®sincea’ -a® = a2 € H,

a’ - a'3bsincea’ - a'3b = a*b € H,

a3 - asincea3-a=a*€H,

a3 - ab sincea3-ab = a*h € H,

a3 - aBsincea®-a3=1€H,

a® - a’sincea®-a® =al2 € H,

a3 - a®b since a® - a®b = a®b € H,
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a®b - a'% since a®b - a'® = al*b € H,

ab - a'lsince ab r a'! = q'*bh € H,

al®b - a'? since al°b - a'? = q'*bh € H,

a’b - a®3 since a®b - a'® = al*h € H,

al?b - a'* since a'?b - a'* = a'*bh € H,

a®b - al® since a®b - a'® = al*h € H,
a'* - bsincea'* b = a'*h € H,

al3® - ab since a'® - ab = a'*b € H,
a'? - a?b since a'? - a?b = a'*b € H,
all - a3b since all - a3b = al*h € H,
al® - a*b since al® - a*b = al*b € H,
a® - aSbsince a® - a°b = a*b € H,
a’ - a’bsince a’ - a’b = a'*b € H,
a® - a8b since a® - a®b = a'*b € H,
a® - a®bsince a® - a’b = a*b € H,
a* - al%p since a* - al°b = al*b € H,
a3 - allb since a3 - a'lb = al*b € H,
a? - al?b since a? - a'?b = al*b € H,

a - a'3bsincea-a'®b = a'*b € H,

al> - al5p since a'® - a'®bh = al*bh € H,

a®b - 1sincea®bh-1 = a®b € H,

1 - a®bsincel-a®h = a®b € H,
a'*b — a8 since a'*b - a® = a®bh € H,
a® - al*b since a®- al*bh = a®h € H,
al®b - asince al®b-a = a®h € H,
a®b - a? since a®b-a? = a®b € H,
ab - a®sinceab - a® = a®bh € H,
al%p - a* since a'°b - a* = a®bh € H,
a3b - a® since a®b-a® = a®b € H,
a'?ph - a® since a'?b - a® = a®bh € H,

a®b - a’ since a®b-a’ = a®b € H,

a® -

a’ -
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a’b since a3 a®b = a'?bh € H,

a®sincea®-a°> =a® € H,
a3bsincea’®-a3bh =b € H,
allsincea®-a''=1€H,

a’b sincea® -a’b = al?b € H,
a’ sincea®-a’ =al? € H,

a3 sincea®-a3 =a® € H,
allbsincea®-a''b = b € H,
a'>h since a® - a'®h = a*b € H,
a'® since a® - al® = q* € H,

a3b since a® -a3b = a®b € H,

al®b - al% since al®h - a'® = b € H,

al®b — a®b since al®b - a®b = a* € H,

al®b — a® since al®b - a® = a*b € H,

al®b — a? since al®b - a? = a®b € H,

al% — al%b since al%b - al*b = a'? € H,

al%b — a1* since al®b - al* = q'2p € H,

al®h — a?b since al%b - a?b = a® € H,

al*h — a1 since a'*b - al® = q*b € H,

al*b — a®b since al*b - a®h = a® € H,

al*h - a®since a'*h - a® = a®b € H,

al*h - a? since a'*b - a? = al?b € H,

al*bh - al%p since al*b - al%b = a* € H,

al*h - al* since a'*b-al* = b € H,

al*h - a?b since al*b - a?*b = a2 € H,

al2p - 1since a'?b -1 = al?b € H,

al2p - b since a'?b b = a'? € H,

al2p - a'? since a'?bh a2 = b € H,

al2p - a®since a'?b - a® = a*b € H,

al2p - a*b since a'?b - a*bh = a® € H,

al2p - a®b since a'?b - a®b = a* € H,

603



a’b = a® sincea’b - a® = a®b € H,

b - a'®since b+ al® = a®b € H,

a’b — a'lsince a®b - all = ab € H,
a?b — a'? since a?b  a'? = a®bh € H,
allb - al3 since allb - a3 = a®h € H,
a*b - a'* since a*h - a'* = a®bh € H,
al3b — al5 since al3b - a5 = a®h € H,
a® - bsincea® b = a®b € H,

a5 - ab since a® - ab = a®bh € H,

a* - a?b since a* a?b = a®b € H,

a3 - a3b since a3 a3b = a®bh € H,

a? - a*b since a? - a*b = a®b € H,

a - a®bsince a - a®bh = a®bh € H,

al5 - a’b since a'®> - a’b = a®h € H,
al* - a8b since al* - a8b = a®h € H,
al3 - a°b since a3 - a®b = a®b € H,
al?2 - q1%p since al? - q1%b = a®bh € H,
all - q'1p since all - al'h = abh € H,
al® - q12p since al®+ a'2p = a®bh € H,
a® - al3b since a® - a'3b = ab € H,
a’ - a'®pb since a’ - al®h = a®bh € H,
a® - 1sincea® 1 =a8 € H,

1 - a8sincel-a® =a® € H,

a’ - asincea’ *a =a® € H,
a—-a’sincea-a’ =ad € H,

a® - a%sincea®-a%? =a® € H,

a2 - a®sincea?-a®=a® € H,

a® - a3sincea’- a3 =a® € H,

a3 - a®sincea3-a® =a® € H,

al> - a%sinceal®-a® =ad € H,

a® - a'®sincea®-al®> =ad € H,
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al?h — a* since a'?b - a* = a®b € H,

IJIREV

al* - a0 sinceal* - al® = a8 € H,

al* - a®b since a'* - a®b = a*b € H,
al* - a®sinceal* a® = a* € H,

al* - a%sinceal* a2 =1€H,

al* - al% since a'* - al®b = a8b € H,
al* - al*p since a'* - al*bh = a'2h € H,
al* - a%bsinceal* a?b = b € H,
allb - allsince a''b all = a8b € H,
allb - a’b since a''b - a’b = al%? € H,
allp - a7 since al'b - a’” = al%p € H,
allb - a3sinceal'b-a3 =b € H,

allp — a'®psince allb ral®h = a* € H,
allb - al5since a''b - al5 = a*b € H,
allh - a3b sincea'b-a3b = 1€ H,
al5h - allsince a'®h all = q'2p € H,
al5h - a’b since a'®>b-a’b = 1 € H,
al5h - a’ sincea'®b-a’ = b € Hy

al5h — a3 since a'®b - a3 = a*b € H,
al5h - allb since a'5bh - allb = al? € H,
al5h — al5 since a'>h  al5 = a8b € H,
al5h — a3b since a'>b - a3b = a* € H,
al3b - asince a'®b-a = a*b € H,
al3b — ab since a'3b - ab = a* € H,
al3bh - a3 since al®b - al3 = a®b € H,
a3b - a°since a3b - a® = a'?b € H,
al3b - a°b since a’®b -ah =1 € H,
a3b - a°b since a3b - a®b = a'2 € H,
al3b - a°sinceal®h-a°>=b € H,

al®> - asincea® -a=1€H,

al®> - absincea'®-ab=b € H,
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al* - g% since a'*-ql® = a8 € H,
al® - gl since ql®-q* = a8 € H,
al3 - glsincea'®-q'' = a® € H,
all - gBsinceall a3 =aB € H,
a8b — bsincea®b b =a® € H,

b - a®bsinceb-ab =ad € H,

al%b — a?b since al®b - a?b = a® € H,
a?b — al°p since a?b - al®b = a8 € H,
a'2b — a*b since a'?b - a*b = a® € H,
a*b — al2p since a*b - al?b = a8 € H,
al*b — a®b since al*b - a®b = a8 € H,
a®b — a*b since a®b - al*b = a8 € H,
al2 - 1sincea'?+1=a'%2 € H,

1 - a'?since1-al?2 = ql2 € H,

a* - a8sincea*-a® =al%2 € H,

a® - a*sincea®-a*=al%2 € H,

all - gsinceall-aqa = a2 € H,

a - a'lsincea-all = a2 € H,

al® - gZsince al®-q2 = ql2 € H,

a? - al% since a? - al® = ql2 € H,
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al> - al3sinceal®- a3 =ql2 € H,
als> - a%since al®-a° = a8 € H,

al5 - a5b since a5 - a5b = a*b € H,
al5 - a°b since a5 - a®bh = a®b € H,
al> - a5sinceal® a®> =a* € H,

al5 - a13p since al® - al3b = a'?p € H,
a?b - al® since a?b - al® = a8b € H,
a?b — a®b since a?b * a®h = al%? € H,
a?b - a® since a?b - a® = a'?b € H,
a?b - a?sincea?b-a?=b € H,

a?b - a'%b since a?b - al®b = a® € H,
a?b — a*b since a?b - al*b = a* € H,
a?b - a* since a?b - a'* = a*b € H,
a3b - a''sincea3b-al* = b € H,

a3b - a’b sincea3b-a’b = a* € H,
a3b - a’ since a3b-a’ = a*b € H,
a3b - a3 since a3b- a3 = aBb € H,
a3b - a''b sincea3b-allb =1 € H,
a3b - al5b since a3b - al5h = al? € H,

a3b - a5 since a3b - al> = a?b € H,

Therefore, FIILN (@D55) is the graph shown in Figure 10.

Based on Propositions 1 to 4, the non-normal cyclic subgroup graph of the quasidihedral groups
of order 32 is observed to be the union of some connected graphs.

Conclusion

This study focuses on the determination of the non-normal cyclic subgroup graphs of the
quasidihedral group, specifically QD3,, where n = 5. The results show that the non-normal
cyclic subgroup graphs of the quasidihedral group of order 32 can be classified into four
different types, each of which may be viewed as a union of several connected graphs. Future
work may extend this approach to quasidihedral groups of other orders, and subsequent studies
may aim to establish a general form for the non-normal cyclic subgroup graphs of quasidihedral
groups.
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Appendix 1

gap>
<free group on the generat

p group on the generator

aAl5*b
gap>
[ Group([ ), Group([ aA20 1), Group([ b 1), Group([
Group(<fp, no generators known>), Group([ b, a*b*a ), Group
Group([ b*a Group(<fp, no generators known>), Group(<fp,
, Group([ a, b 1) ]
gap>

), Group([ bA
Group([ b*aA-1

ip(<fp, no generators known>)

[ Group(<fp, no generators known>), Group(<fp, no generators k
Group(<fp, no generators known>), Group(<fp, no g rators kr
Group(<fp, no generators known>)

gap>

<fp, no generators known>),

<fp, no generators known>),

[ Group([ Group([ a, b 1), Group([ a , Group([ aA 1), Group([
Group([ a ]

Group([ b 1)

gap>

[ <identity ...>,

gap>

{<identity ...>,b,b,true}, {aA-15,aA < / >, true} \-15,aA15*b
b*aAS, true}, {a

true}
>, true}, {

10,aA10,<identity
4 identity .. truel, y
,ah- true}, b,aA-15,aA5*b*aA-15, true}, {aA5*t
},{aAl5%b,aA-5,aAl15%b*aA-5, true},

Appendix 2

B NH1 = Graph([1. a, a2, a3, a4. a5. a6, a7, b, ab, a2b, a3b, a4b, a5bh, a6b, a7b). {[b, 1], [1. b]. [a4b, a4]. [a4. a4b], [a7. a].
[a. a7]. [a6, a2]. [a2, a6], [a3. a3]. [a3, a5], [a5b. ab], [ab, a5b). [a7b, a3b], [a3b, a7b], [a5b, a). [a2b. a?]. [a7b, a3].
[ab, a5]. [a6b, ab6], [a3b. a7], [a7. ab], [a6. a2b]. a5, a3b], [a3, a5b]. [a2. a6b], [a, a7b]})
NH] = Graph 1: a directed wmveighted graph with 16 vertices and 26 arc(s)
|> Draw Graph(NH1, size = [ 500, 500]. HighlightEdges(NH1. Edges(NH1), black))
1 a a3 ab a3b a2
l; a6b a6
b as a7 asb a7b a2b
a4
\
/
a4b
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  H


    Q D   2  n


  Q   D   2  n =  〈 a , b |   a   2  n − 1 =   b 2 = 1 ,   b a b =   a   2  n − 2 − 1 〉


  n = 5


  Γ


   ( V , E ) ,


  Γ =  ( V  ( Γ ) , E  ( Γ ) ) .


  V ( Γ )


  E ( Γ )


  Γ


  G


  H


  G


   Γ  H ( G )


  G


  x


  y


  x y ∈ H


   Γ  H  N N ( G )


  G


  H


   Γ  H  N N ( G )


  G


  x


  y


  x ≠ y


  x y ∈ H


  x → y


    Q D 16 = { 1 , a ,   a 2 ,   a 3 ,   a 4 ,   a 5 ,   a 6 ,   a 7 , b , a b ,   a 2 b ,   a 3 b ,   a 4 b ,   a 5 b ,   a 6 b ,   a 7 b }


    a 8 =   b 2 = 1 ,   b a b =   a 3


    Q D 16


   〈 b 〉 ,  〈   a 2 b 〉 ,  〈   a 4 b 〉 ,  〈   a 6 b 〉 ,  〈 b ,   a 4 b 〉 ,  〈   a 2 b ,   a 6 b 〉 ,  〈   a 3 b 〉 ,  〈   a 5 b 〉


    H 1 =  〈 b 〉 = { 1 , b }


    Q D 16


  x → y


  x ≠ y


  x y ∈ H


    a 5 b → a


    a 5 b . a = b ∈   H 1 ,


    a 5 →   a 3 b


    a 5 .   a 3 b = b ∈   H 1 ,


  a →   a 7 b


  a .   a 7 b = b ∈   H 1 ,


    a 3 b →   a 7


    a 3 b .   a 7 = b ∈   H 1 ,


    a 3 →   a 5 b


    a 3 .   a 5 b = b ∈   H 1 ,


    a 6 b →   a 6


    a 6 b .   a 6 = b ∈   H 1 ,


    a 7 b →   a 3


    a 7 b .   a 3 = b ∈   H 1 ,


    a 2 →   a 6 b


    a 2 .   a 6 b = b ∈   H 1 ,


  a b →   a 5


  a b .   a 5 = b ∈   H 1 ,


    a 6 →   a 2 b


    a 6 .   a 2 b = b ∈   H 1 ,


    a 7 → a b


    a 7 . a b = b ∈   H 1 ,


    a 2 b →   a 2


    a 2 b .   a 2 = b ∈   H 1 ,


  1 → b


  b → 1


  1 . b = b . 1 = b ∈   H 1 ,


    a 4 →   a 4 b


    a 4 b →   a 4


    a 4 .   a 4 b =   a 4 b .   a 4 = b ∈   H 1 ,


  a →   a 7


    a 7 → a


  a .   a 7 =   a 7 . a = 1 ∈   H 1 ,


    a 3 →   a 5


    a 5 →   a 3


    a 3 .   a 5 =   a 5 .   a 3 = 1 ∈   H 1 ,


  a b →   a 5 b


    a 5 b → a b


  a b .   a 5 b =   a 5 b . a b = 1 ∈   H 1 ,


    a 3 b →   a 7 b


    a 7 b →   a 3 b


    a 3 b .   a 7 b =   a 7 b .   a 3 b = 1 ∈   H 1 ,


    a 2 →   a 6


    a 6 →   a 2


    a 2 .   a 6 =   a 6 .   a 2 = 1 ∈   H 1 .


  Q   D 16


    𝚪    𝑯  𝟏  𝑵 𝑵 (   𝑸 𝑫  𝟏 𝟔 )


    Q D 32 =  { 1 , a ,   a 2 ,   a 3 ,   a 4 ,   a 5 ,   a 6 ,   a 7 ,   a 8 ,   a 9 ,     a 10 ,   a 11 ,   a 12 ,   a 13 ,   a 14 ,   a 15 , b , a b ,   a 2 b ,   a 3 b ,   a 4 b ,   a 5 b ,   a 6 b ,


    a 16 =   b 2 = 1 ,   b a b =   a 7 .


    Q D 32


    Q D 32


    𝑸 𝑫  𝟑 𝟐


    𝑸 𝑫  𝟑 𝟐


   〈 b 〉


   〈 b 〉


   { 1 , b }


   〈 b , a b a 〉


   〈 b ,   a  − 4 , a b a 〉


   〈 b ,   a  − 4 , a b a 〉


   〈      a  − 2   b  − 1 ,   a  − 1 b a , b   a  − 1   b  − 1   a  − 1 ,   a b   a  − 1   b  − 1   a  − 2 〉


   〈      a  − 2   b  − 1 ,   a  − 1 b a , b   a  − 1   b  − 1   a  − 1 ,   a b   a  − 1   b  − 1   a  − 2 〉


   〈 b ,   a 8 b 〉


   〈 b ,   a 12 ,   a 8 b 〉


   〈 b ,   a 12 ,   a 8 b 〉


   〈   a 8 ,   a 12 ,   a 6 b ,   a 14 b 〉


   〈   a 8 ,   a 12 ,   a 6 b ,   a 14 b 〉


   { 1 , b ,   a 8 ,   a 8 b }


   { 1 ,   a 4 ,   a 8 ,   a 12 , b ,   a 4 b ,   a 8 b ,   a 12 b }


   { 1 ,   a 4 ,   a 8 ,   a 12 , b ,   a 4 b ,   a 8 b ,   a 12 b }


   {    1 ,   a 4 ,   a 6 ,   a 8 ,   a 12 ,   a 14 , b ,   a 4 b ,     a 5 b ,   a 6 b ,   a 8 b ,   a 12 b ,   a 14 b }


   {    1 ,   a 4 ,   a 6 ,   a 8 ,   a 12 ,   a 14 , b ,   a 4 b ,     a 5 b ,   a 6 b ,   a 8 b ,   a 12 b ,   a 14 b }


    Q D 32


   Γ    H 1  N N  (   Q D 32 )


    Q D 32


    H 1 =  〈 b 〉 =  { 1 , b }


   Γ    H 1  N N (   Q D 32 )


    𝚪    𝑯  𝟏  𝑵 𝑵 (   𝑸 𝑫  𝟑 𝟐 )


    H 1 =  〈 b 〉 =  { 1 , b }


   〈 𝒃 〉


    𝑸 𝑫  𝟑 𝟐


   Γ    H 1  N N (   Q D 32 )


   Γ    H 2  N N  (   Q D 32 )


    Q D 32 ,  


    H 2 =  〈 b ,     a 8 b 〉 = { 1 ,   b ,     a 8 ,     a 8 b }


   Γ    H 2  N N (   Q D 32 )


    𝚪    𝑯  𝟐  𝑵 𝑵 (   𝑸 𝑫  𝟑 𝟐 )


    H 2 =  〈 b ,   a 8 b 〉 =  { 1 ,   b ,     a 8 ,     a 8 b }


   〈 𝒃 ,   𝒂  𝟖 𝒃 〉


    𝑸 𝑫  𝟑 𝟐


   Γ    H 2  N N (   Q D 32 )


   Γ    H 3  N N  (   Q D 32 )


    Q D 32 ,


      H 3 =  〈 b ,     a 12 ,     a 8 b 〉 = { 1 ,     a 4 ,     a 8 ,     a 12 ,   b ,     a 4 b ,     a 8 b ,     a 12 b }


   Γ    H 3  N N  (   Q D 32 )


    𝚪    𝑯  𝟑  𝑵 𝑵 (   𝑸 𝑫  𝟑 𝟐 )


    H 3 =  〈 b ,   a 8 b ,   a 12 〉 =  { 1 ,     a 4 ,     a 8 ,     a 12 ,   b ,     a 4 b ,     a 8 b ,     a 12 b }


   〈 𝒃 ,     𝒂  𝟏 𝟐 ,     𝒂  𝟖 𝒃 〉


    𝑸 𝑫  𝟑 𝟐


  1 → b


  1 ∙ b = b ∈   H 3


    a 7 b →   a 11


    a 7 b ∙   a 11 =   a 4 b ∈   H 3


  1 →   a 12


  1 ∙   a 12 =   a 12 ∈   H 3


    a 7 b →   a 7


    a 7 b ∙   a 7 =   a 8 b ∈   H 3


  1 →   a 8


  1 ∙   a 8 =   a 8 ∈   H 3


    a 7 b →   a 3


    a 7 b ∙   a 3 =   a 12 b ∈   H 3


   Γ    H 3  N N (   Q D 32 )


   Γ    H 4  N N (   Q D 32 )


    Q D 32 ,     H 4 =  〈   a 14 b ,     a 6 b ,     a 8 ,     a 12 〉 = { 1 ,     a 4 ,     a 8 ,     a 12 ,   b ,     a 4 b ,     a 8 b ,     a 12 b }


   Γ    H 4  N N (   Q D 32 )


    𝚪    𝑯  𝟒  𝑵 𝑵 (   𝑸 𝑫  𝟑 𝟐 )


    H 4 =  〈   a 14 b ,     a 6 b ,     a 8 ,     a 12 〉 =  {    1 ,     a 4 ,       a 6 , a 8 ,     a 12 ,   a 14 ,   b ,     a 4 b ,     a 5 b ,     a 6 b ,   a 8 b ,   a 12 b ,   a 14 b } .  


   〈   𝒂  𝟏 𝟒 𝒃 ,     𝒂  𝟔 𝒃 ,     𝒂  𝟖 ,     𝒂  𝟏 𝟐 〉


    𝑸 𝑫  𝟑 𝟐


    a 15 → a


    a 15 ∙ a = 1 ∈   H 4


    a 9 →   a 3


    a 9 ∙   a 3 =   a 12 ∈   H 4


  a →   a 15


  a ∙   a 15 = 1 ∈   H 4


    a 3 →   a 9


    a 3 ∙   a 9 =   a 12 ∈   H 4


    a 14 →   a 2


    a 14 ∙   a 2 = 1 ∈   H 4


    a 7 →   a 5


    a 7 ∙   a 5 =   a 12 ∈   H 4


   Γ    H 4  N N (   Q D 32 )


    Q D 32


  n = 5

